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Abstract
With accumulation of high statistics data at BES and CLEO-c, many new interest-
ing channels can get enough statistics for partial wave analysis (PWA). Among them,
ψ → γpp¯, γΛΛ¯, γΣΣ¯, γΞΞ¯ channels provide a good place for studying baryon-antibaryon
interactions; the double radiative decays ψ → γγV with V ≡ ρ, ω, φ have a potential
to provide information on the flavor content of any meson resonances (R) with positive
charge parity (C = +) and mass above 1 GeV through ψ → γR→ γγV ; ψ(2S)→ γχc0,1,2
with χc0,1,2 → KK¯pi
+pi− and 2pi+2pi− decays are good processes to study χcJ charmonium
decays. Using the covariant tensor formalism, here we provide theoretical PWA formulae
for these channels.
1 Introduction
Abundant J/ψ and ψ′ events have been collected at the Beijing Electron Positron Collider
(BEPC). More data will be collected at upgraded BEPC and CLEO-C. Many new interesting
channels are now getting enough statistics for partial wave analysis.
J/ψ and ψ′ radiative decay to BB¯ (baryon and antibaryon pair) is a good place to study
baryon-antibaryon interactions and to look for possible resonant states of the BB¯ system.
Based on the 58 million J/ψ events accumulated by the BES2 detector at the BEPC, recently
BES2 reported [1] that they observed a strong, narrow enhancement near the threshold in
the invariant mass spectrum of pp¯ (proton - antiproton) pairs from J/ψ → γpp¯ radiative
decays. The structure has attracted people’s attention to study pp¯ near-threshold interaction
[2]. Future data on ψ → γΛΛ¯, γΣΣ¯, γΞΞ¯ channels will give a new opportunity to study hyperon-
antihyperon interactions.
J/ψ and ψ′ double radiative decays ψ → γγV (ρ, ω, φ) provide a favorable place to extract
the uu¯, dd¯ and ss¯ structure of intermediate states [3]. The J/ψ → γγρ and γγφ have been
studied by Crystal Ball [4], DM2 [5], MARK-III [6] and BES-I [7]. An interesting structure
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at ι(1440) region in the γV invariant mass spectra is observed. But due to limited statistics,
one cannot get reliable PWA results. With much higher statistics ψ data to be available soon
at CLEO-C and BES-III, these ψ double radiative decay channels give a potential to provide
information on the flavor content of any meson resonances (R) with positive charge parity
(C = +) and mass above 1 GeV through ψ → γR→ γγV .
The ψ(2s) radiative decays into K+K−π+π− and π+π−π+π− via χcJ intermediate states
are good processes to study χcJ decays which may provide useful information on two-gluon
hadronization dynamics and glueball decays.
In order to get more useful information about the resonance properties such as their JPC
quantum numbers, mass, width, production and decay rates, etc., partial wave analyses (PWA)
are necessary. PWA is an effective method for analysing the experimental data of hadron
spectrum. There are two types of PWA: one is based on the covariant tensor (also named
Rarita-Schwinger) formalism[8] and the other is based on the helicity formalism[9]. Ref.[10]
showed the connection between the covariant tensor formalism and the helicity one. Ref.[11]
provided PWA formulae in the covariant tensor formalism for ψ decays to mesons, which have
been used for a number of channels already published by BES[12] and are going to be used
for more channels. A similar approach has been used in analyzing other reactions[13, 14, 15].
Ref.[16] provided explicit formulae for the angular distribution of the photon in ψ radiative
decays in the covariant tensor formalism, and also discussed helicity formalism of the angular
distribution of the ψ radiative decays to two pseudoscalar mesons, and its relation to the
covariant tensor formalism.
In this paper we extend the covariant tensor formalism [11] to give explicit PWA formulae for
the new interesting channels mentioned above. The plan of this article is as follows: in section
2, we present the necessary tools for the calculation of the tensor amplitudes, within a covariant
tensor formalism. This will allow us to derive covariant amplitudes for all possible processes.
In section 3, we present covariant tensor formalism for ψ radiative decays to baryon antibaryon
pairs. In section 4, we present covariant tensor formalism for ψ decays into γγV (ρ, ω, φ). In
section 5, we present covariant tensor formalism for the ψ(2s) decays into γK+K−π+π− and
γπ+π−π+π−, respectively. The conclusions are given in section 6. Since covariance is a useful
property of any decay amplitude, all possible amplitudes are written in terms of covariant tensor
form. All amplitudes include a complex coupling constant and Blatt-Weisskopf centrifugal
barriers where necessary.
2 Prescriptions for the construction of covariant tensor
amplitudes
In this section we present the necessary tools for the construction of covariant tensor amplitudes.
Following the convention of Ref.[11] for the ψ decays, the partial wave amplitudes Uµναi in the
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covariant Rarita-Schwinger tensor formalism can be constructed by using pure orbital angular
momentum covariant tensors t˜(Lbc)µ1···µLbc
and covariant spin wave functions φµ1···µs together with
the metric tensor gµν , the totally antisymmetric Levi-Civita tensor ǫµνλσ and the four momenta
of participating particles; here the indices µ,ν, and α run from 1 to 4 over x, y, z, and t. For a
process a→ bc, if there exists a relative orbital angular momentum Lbc between the particle b
and c, then the pure orbital angular momentum Lbc state can be represented by the covariant
tensor wave function t˜(Lbc)µ1···µLbc
[9] which is built out of the relative momentum. Thus here we
give only covariant tensors that correspond to the pure S-, P-, D-, and F-wave orbital angular
momenta:
t˜(0) = 1, (1)
t˜(1)µ = g˜µν(pa)r
νB1(Qabc) ≡ r˜µB1(Qabc), (2)
t˜(2)µν = [r˜µr˜ν −
1
3
(r˜ · r˜)g˜µν(pa)]B2(Qabc), (3)
t˜
(3)
µνλ = [r˜µr˜ν r˜λ −
1
5
(r˜ · r˜)(g˜µν(pa)r˜λ + g˜νλ(pa)r˜µ + g˜λµ(pa)r˜ν)]B3(Qabc), (4)
· · ·
pµa t˜
(1)
µ = p
µ
a t˜
(2)
µν = p
µ
at
(3)
µνλ = 0 (5)
where r = pb−pc is the relative four momentum of the two decay products in the parent particle
rest frame; (r˜ · r˜) = −r2. and
g˜µν(pa) = gµν −
paµpaν
p2a
; (6)
Here the Minkowsky metric tensor has the form
gµν = diag(1,−1,−1,−1).
BLbc(Qabc) is a Blatt-Weisskopf barrier factor[9, 17], where Qabc is the magnitude of pb or pc
in the rest system of a,
Q2abc =
(sa + sb − sc)
2
4sa
− sb (7)
with sa = E
2
a − p
2
a.
The spin-1 and spin-2 particle wave functions φµ(pa, ms) and φµν(pa, ms) with spin projec-
tion ms satisfy the following conditions
pµaφµ(pa, ms) = 0, φµ(pa, ms)φ
∗µ(pa, m
′
s) = −δmsm′s∑
m
φµ(pa, ms)φ
∗
ν(pa, ms) = −gµν +
paµpaν
p2a
≡ −g˜µν(pa), (8)
pµaφµν(pa, ms) = 0, φµν = φνµ, g
µνφµν = 0,
φµν(pa, ms)φ
∗µν(pa, m
′
s) = δmsm′s
3
Projection operators will be a useful general tool in constructing expressions. The spin-2
projection operator has the form[9, 11]
P
(2)
µνµ′ν′(pa) =
∑
m
φµν(pa, ms)φ
∗
µ′ν′(pa, ms) =
1
2
(g˜µµ′ g˜νν′ + g˜µν′ g˜νµ′)−
1
3
g˜µν g˜µ′ν′. (9)
Note that for a given decay process a → bc, the total angular momentum should be con-
served, which means
Ja = Sbc + Lbc, (10)
where
Sbc = Sb + Sc. (11)
In addition parity should also be conserved, which means
ηa = ηbηc(−1)
Lbc , (12)
where ηa, ηb, and ηc are the intrinsic parities of particles a, b, and c, respectively. From
this relation, one knows whether Lbc should be even or odd. Then from Eq. (10) one can
find out how many different (Lbc, Sbc) combinations there are, which determine the number of
independent couplings. Also note that in the construction of the covariant tensor amplitude, if
Sbc + Lbc + Ja is an odd number, then ǫµνλσp
σ
a with pa the momentum of the parent particle is
needed; otherwise it is not needed. See, for example, Eq. (28) below.
3 Covariant tensor formalism for ψ decay into γBB¯
The general form of the decay ψ → γX → γpp¯ amplitude can be written as follows by using
the polarization four-vectors of the initial and final states,
A(s) = ψµ(p,mJ)e
∗
ν(q,mγ)ψαs(pb, Sb; pc, Sc)A
µναs
= ψµ(p,mJ)e
∗
ν(q,mγ)ψαs(pb, Sb; pc, Sc)
∑
i
ΛiU
µναs
i . (13)
where ψµ(p,mJ) is the polarization four vector of the ψ with spin projection of mJ ; eν(q,mγ) is
the polarization four vector of the photon with spin projections of mγ; ψαs(pb, Sb; pc, Sc) is the
spin wave function of the proton and antiproton system with spin Sb and Sc, respectively, and
the index s stands for the total spin of the pp¯, see, for example, Eq. (18,19); Uµναsi is the i-th
partial wave amplitude with coupling strength determined by a complex parameter Λi. The
spin-1 polarization vector ψµ(p,mJ) for ψ with four momentum pµ satisfies
3∑
mJ=1
ψµ(p,mJ)ψ
∗
ν(p,mJ) = −gµν +
pµpν
p2
≡ −g˜µν(p), (14)
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with pµψµ = 0. For ψ production from e
+e− annihilation, the electrons are highly relativistic,
with the result that Jz = ±1 for the ψ spin projection taking the beam direction as the z-axis.
This limits mJ to 1 and 2, i.e. components along x and y. Then one has the following relation
2∑
mJ=1
ψµ(p,mJ)ψ
∗
µ′(p,mJ) = δµµ′(δµ1 + δµ2). (15)
For the photon polarization four vector, there is the usual Lorentz orthogonality condition.
Namely, the polarization four vector eν(q,mγ) of the photon with momenta q satisfies
qνeν(q,mγ) = 0, (16)
which states that spin-1 wave function is orthogonal to its own momentum. The above relation
is the same as for a massive vector meson. However, for the photon, there is an additional gauge
invariance condition. Here we assume the Coulomb gauge in the ψ rest system, i.e., pνeν = 0.
Then we have [18]
∑
mγ
e∗µ(q,mγ)eν(q,mγ) = −gµν +
qµKν +Kµqν
q ·K
−
K ·K
(q ·K)2
qµqν ≡ −g
(⊥⊥)
µν (17)
with K = p − q and Kνeν = 0. We denote the four momentum of the particle X by K, and
q ·K is a four vector dot product. For X → pp¯, the total spin of pp¯ system can be either 0 or
1. These two states can be represented by ψ and ψα [19]. where
ψ = u¯(pb, Sb)γ5v(pc, Sc), if s = 0, (18)
ψα = u¯(pb, Sb)(γα −
rα
mX + 2m
)v(pc, Sc), if s = 1. (19)
One can see that both ψ and ψα have no dependence on the direction of the momentum pˆ,
hence correspond to pure spin states with the total spin of 0 and 1, respectively. Here pb, pc,
and Sb, Sc are momenta and spin of the proton antiproton pairs, respectively. mX and m are
the masses of X and p, p¯, respectively; u(pb, Sb) and v(pc, Sc) are the standard Dirac spinors.
If we sum over the polarization, we have the two projection operators:
∑
Sb
uα(pb, Sb)u¯β(pb, Sb) =
( 6pb +m
2m
)
αβ
∑
Sc
vα(pc, Sc)v¯β(pc, Sc) =
( 6pc −m
2m
)
αβ
(20)
To compute the differential cross section, we need an expression for |A|2. Note that the
square modulus of the decay amplitude, which gives the decay probability of a certain configu-
ration should be independent of any particular frame, that is, a Lorentz scalar. Thus by using
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Eqs. (15) and (17), the differential cross section for the radiative decay to 3-body final state is:
dσ(s)
dΦ3
=
1
2
∑
Sb,Sc
2∑
mJ=1
2∑
mγ=1
|ψµ(p,mJ)e
∗
ν(q,mγ)ψαs(pb, Sb; pc, Sc)A
µναs |2
= −
1
2
∑
Sb,Sc
2∑
µ=1
Aµναsg
(⊥⊥)
νν′ A
∗µν′α′sψ∗αsψα′s
= −
1
2
∑
i,j
ΛiΛ
∗
j
2∑
µ=1
Uµναsi g
(⊥⊥)
νν′ U
∗µν′α′s
j
∑
Sb,Sc
ψ∗αsψα′s
≡
∑
i,j
Pij · F
(s)
ij (21)
where
Pij = P
∗
ji = ΛiΛ
∗
j ,
F
(s)
ij = F
∗(s)
ji = −
1
2
2∑
µ=1
Uµναsi g
(⊥⊥)
νν′ U
∗µν′α′s
j
∑
Sb,Sc
ψ∗αsψα′s . (22)
dΦ3 is the standard Lorentz invariant 3-body phase space given by
dΦ3(p; q, pb, pc) = δ
4(p− q − pb − pc)
d3q
(2π)32Eγ
m2d3pbd
3pc
(2π)3Eb(2π)3Ec
. (23)
F
(0)
ij = F
∗(0)
ji = −
1
2
2∑
µ=1
Uµνi g
(⊥⊥)
νν′ U
∗µν′
j
∑
Sb,Sc
ψ∗ψ
=
1
2
2∑
µ=1
Uµνi g
(⊥⊥)
νν′ U
∗µν′
j Tr
( 6pb +m
2m
γ5
6pc −m
2m
γ5
)
= −
m2X
4m2
2∑
µ=1
Uµνi g
(⊥⊥)
νν′ U
∗µν′
j . (24)
The spin sums can be performed using the completeness relations from Eq. (20):
F
(1)
ij = F
∗(1)
ji = −
1
2
2∑
µ=1
Uµναi g
(⊥⊥)
νν′ U
∗µν′α′
j
∑
Sb,Sc
ψ∗αψα′
= −
1
2
2∑
µ=1
Uµναi g
(⊥⊥)
νν′ U
∗µν′α′
j
[
Tr
( 6pb +m
2m
γα
6pc −m
2m
γα′
)
6
−
rα
mX + 2m
Tr
( 6pb +m
2m
6pc −m
2m
γα′
)
−
rα′
mX + 2m
Tr
( 6pb +m
2m
γα
6pc −m
2m
)
+
rαrα′
(mX + 2m)2
Tr
( 6pb +m
2m
6pc −m
2m
)]
= −
1
4m2
2∑
µ=1
Uµναi g
(⊥⊥)
νν′ U
∗µν′α′
j
[
pbαpbα′ + pcαpcα′ + pbαpcα′ + pbα′pcα −m
2
Xgαα′
]
.
(25)
Amplitudes for the radiative decay ψ → γpp¯
We consider the decay of a ψ state in two steps: ψ → γX with X → pp¯. The possible JPC
for X are 0++, 0−+, 1++, 2++, 2−+, etc. For ψ → γX , we choose two independent momenta
p for ψ and q for the photon to be contracted with spin wave functions. We denote the four
momentum of X by K. The tensor describing the first and second steps will be denoted by
T˜ (L)µ1···µL and t˜
(l)
µ1···µ
l
, respectively.
For ψ → γ0++ → γpp¯, there is one independent covariant tensor amplitude:
Uµνα = gµν t˜(1)α. (26)
For ψ → γ0−+ → γpp¯, there is one independent covariant tensor amplitude:
Uµν = ǫµνλσpλqσB1(QψγX). (27)
For ψ → γ1++ → γpp¯, there are two independent covariant tensor amplitudes:
Uµνα1 = ǫ
µνλσpλǫ
αβρ
σKρt˜
(1)
β , (28)
Uµνα2 = ǫ
νλσγpλq
µqγǫ
αβρ
σKρt˜
(1)
β B2(QψγX). (29)
For ψ → γ1−+, the exotic 1−+ meson cannot decay into pp¯.
For ψ → γ2++ → γpp¯, there are six independent covariant tensor amplitudes:
Uµνα1 = P
(2)µναβ(K)t˜
(1)
β , (30)
Uµνα2 = P
(2)µνλβ(K)t˜
(3)α
λβ , (31)
Uµνα3 = P
(2)νσαβqµpσ t˜
(1)
β B2(QψγX), (32)
Uµνα4 = P
(2)νσλβqµpσ t˜
(3)α
λβ B2(QψγX), (33)
Uµνα5 = g
µνP (2)σραβpσpρt˜
(1)
β B2(QψγX), (34)
Uµνα6 = g
µνP (2)σρλβpσpρt˜
(3)α
λβ B2(QψγX) (35)
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where t˜(1) and t˜(3) correspond to the orbital angular momentum between the proton and an-
tiproton l to be 1 and 3, respectively.
For ψ → γ2−+ → γpp¯, the possible partial wave amplitudes are the following:
Uµν1 = ǫ
µνλσpλq
γ t˜(2)γσB1(QψγX), (36)
Uµν2 = ǫ
µνλσpλqσpγpδ t˜
(2)γδB3(QψγX), (37)
Uµν3 = ǫ
νγλσpλqσq
µpδ t˜
(2)
γδ B3(QψγX). (38)
It is worth mentioning here that the above partial wave amplitudes for the process J/ψ →
γpp¯ are applicable to the processes J/ψ → γΛΛ¯, γΣΣ¯, and γΞΞ¯ as well.
4 Covariant tensor formalism for ψ decay into γγV
By using the polarization four-vectors of the initial and final states, now we write the general
form of the decay amplitude for the process
ψ → γR→ γγV (ρ, φ, ω) (39)
as follows
A = ψµ(p,mJ)e
∗
ν(q,mγ)ε
∗
α(k,m
′
γ)A
µνα = ψµ(p,mJ)e
∗
ν(q,mγ)ε
∗
α(k,m
′
γ)
∑
i
ΛiU
µνα
i . (40)
In the following eν(q,mγ) denotes the polarization function of the photon in ψ → γR, and
εα(k,m
′
γ) denotes that of the photon in R→ γV . The polarization four vectors ψµ(p,mJ) and
eν(q,mγ) satisfy the conditions (14− 17). And εα(k,m
′
γ) satisfy
kαεα(k,m
′
γ) = 0, (41)
∑
m′γ
ε∗α(k,m
′
γ)εβ(k,m
′
γ) = −gαβ +
kαpV β + pV αkβ
k ·pV
−
pV ·pV
(k ·pV )2
kαkβ ≡ −g
(⊥)
αβ (42)
with pV = K− k and p
α
V εα = 0. We denote the four momenta of the particles R and V (ρ, φ, ω)
by K and pV , respectively. Then the differential cross section for the radiative decay to an
n-body final state is:
dσ
dΦn
=
1
2
2∑
mJ=1
3∑
m′γ ,mγ=1
|ψµ(p,mJ)e
∗
ν(q,mγ)ε
∗
α(k,m
′
γ)A
µνα|2
=
1
2
2∑
mJ=1
ψµ(p,mJ)ψ
∗
µ′(p,mJ)g
(⊥⊥)
νν′ g
(⊥)
αα′A
µναA∗µ
′ν′α′
8
=
1
2
2∑
µ=1
Aµναg
(⊥⊥)
νν′ g
(⊥)
αα′A
∗µν′α′
=
1
2
∑
i,j
ΛiΛ
∗
j
2∑
µ=1
Uµναi g
(⊥⊥)
νν′ g
(⊥)
αα′U
∗µν′α′
j ≡
∑
i,j
Pij · Fij (43)
where
Pij = P
∗
ji = ΛiΛ
∗
j , (44)
Fij = F
∗
ji =
1
2
2∑
µ=1
Uµναi g
(⊥⊥)
νν′ g
(⊥)
αα′U
∗µν′α′
j . (45)
dΦn is the standard element of n-body phase space given by
dΦn(p; p1, · · ·pn) = δ
4(p−
n∑
i=1
pi)
n∏
i=1
d3pi
(2π)32Ei
. (46)
Amplitudes for the doubly radiative decay ψ → γγV (ρ, ω, φ)
This is a three step process: ψ → γR with R → γV (ρ, ω, φ) and ρ → π+π−, ω → π0π+π−,
φ → K+K−, here we number π0, π+, π− as 0, 1, 2. The intermediate resonance state X that
may appear in the process with JPC values are 0++, 0−+, 1++, 1−+, 2++, 2−+, etc. Here J, P,
C are the intrinsic spin, parity and C-parity of the X particle, respectively. For ψ → γR, We
denote the spin-orbital angular momenta between the photon and ψ by S and L, respectively.
The tensor describing the first and the second steps will be denoted by T˜ (L)µ1···µL and t˜
(L1)
µ1···µL1
,
respectively. The vector describing the third step will be denoted by Vµ, where V (ρ, φ)µ =
p1µ − p2µ, here we use the fact that π
+ and π− (or K+ and K−) have equal masses; and
V (ω)µ = ǫ
µ
νλσp
ν
1p
λ
2p
σ
0 [B1(Qωρ0)f
(ρ)
(12)B1(Qρ12) +B1(Qωρ2)f
(ρ)
(01)B1(Qρ10) +B1(Qωρ1)f
(ρ)
(02)B1(Qρ20)].
Now we write the decay amplitude of the ψ into two photons and a vector in a general and
compact form using the covariant tensor formalism. There is one independent covariant tensor
amplitude for ψ → γ0++ → γγV (ρ, ω, φ)
Uµνα = gµνV αf (R)f (V ), (47)
where f (V ) either f
(ρ,φ)
(12) or f
(ω)
(012).
There is also one independent covariant tensor amplitude for ψ → γ0−+ → γγV (ρ, ω, φ)
Uµνα = ǫµνλσpλT˜
(1)
σ ǫ
αβρδKρt
(1)
1β Vδf
(R)f (V ). (48)
9
For the production reaction ψ → γ1++ there are two independent covariant tensor ampli-
tudes ; there are also two amplitudes for the decay reaction 1++ → γV (ρ, ω, φ), all in all we
have four amplitudes
Uµνα1 = ǫ
µνλσpλǫ
αβρ
σKρVβf
(R)f (V ), (49)
Uµνα2 = ǫ
µνλσpλT˜
(2)
σγ ǫ
αβρδKρt˜
(2)γ
δ Vβf
(R)f (V ), (50)
Uµνα3 = ǫ
µνλσpλǫ
αβρδKρt˜
(2)
σδ Vβf
(R)f (V ), (51)
Uµνα4 = ǫ
µνλσpλT˜
(2)
σδ ǫ
αβρδKρVβf
(R)f (V ). (52)
For the production reaction ψ → γ1−+ there are two independent covariant tensor ampli-
tudes ; there are also two amplitudes for the decay reaction 1−+ → γV (ρ, ω, φ), all in all we
have four amplitudes
Uµνα1 = g
µνT˜
(1)
β t˜
(1)βV αf (R)f (V ), (53)
Uµνα2 = T˜
(1)µt˜(1)νV αf (R)f (V ), (54)
Uµνα3 = g
µνT˜ (1)αt˜(1)βVβf
(R)f (V ), (55)
Uµνα4 = T˜
(1)µgναt˜(1)βVβf
(R)f (V ). (56)
For the production reaction ψ → γ2++ there are three independent covariant tensor ampli-
tudes ; there are also three amplitudes for the decay reaction 2++ → γV (ρ, ω, φ), all in all we
have nine amplitudes
Uµνα1 = P
(2)µναβ(K)Vβf
(R)f (V ), (57)
Uµνα2 = g
µνP (2)λσρδ(K)T˜
(2)
λσ t˜
(2)
ρδ V
αf (R)f (V ), (58)
Uµνα3 = P
(2)νσαλ(K)T˜ (2)µσ t˜
(2)
λβV
βf (R)f (V ), (59)
Uµνα4 = P
(2)µνλσ(K)t˜
(2)
λσV
αf (R)f (V ), (60)
Uµνα5 = P
(2)µναλ(K)t˜
(2)
βλV
βf (R)f (V ), (61)
Uµνα6 = g
µνP (2)λσαβ(K)T˜
(2)
λσ Vβf
(R)f (V ), (62)
Uµνα7 = g
µνP (2)λσαδ(K)T˜
(2)
λσ t˜
(2)
βδ V
βf (R)f (V ), (63)
Uµνα8 = P
(2)νλαβ(K)T˜
(2)µ
λ Vβf
(R)f (V ), (64)
Uµνα9 = P
(2)νδλσ(K)T˜
(2)µ
δ t˜
(2)
λσV
αf (R)f (V ). (65)
For the production reaction ψ → γ2−+ there are three independent covariant tensor ampli-
tudes ; there are also three amplitudes for the decay reaction 2−+ → γV (ρ, ω, φ), all in all we
have nine amplitudes
Uµνα1 = ǫ
µνλσpσT˜
(1)γǫαβρξKξ t˜
(1)δP
(2)
λγρδ(K)Vβf
(R)f (V ), (66)
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Uµνα2 = ǫ
µνλσpσT˜
(3)
λγδǫ
αβρξKξ t˜
(3)
ργ′δ′P
(2)γδγ′δ′(K)Vβf
(R)f (V ), (67)
Uµνα3 = ǫ
νλσγpγT˜
(3)µλ′
σ ǫ
βρδξKξ t˜
(3)αρ′
δ P
(2)
λλ′ρρ′(K)Vβf
(R)f (V ), (68)
Uµνα4 = ǫ
µνλσpσT˜
(1)γǫαβρξKξ t˜
(3)δζ
ρ P
(2)
λγδζ(K)Vβf
(R)f (V ), (69)
Uµνα5 = ǫ
µνλσpσT˜
(1)γǫβρδξKξP
(2)
λγρζ(K)t˜
(3)αζ
δ Vβf
(R)f (V ), (70)
Uµνα6 = ǫ
µνλσpσT˜
(3)γδ
λ ǫ
αβρξKξ t˜
(1)ζP
(2)
γδρζ(K)V
βf (R)f (V ), (71)
Uµνα7 = ǫ
µνλσpσT˜
(3)γδ
λ ǫ
βτρξKξ t˜
(3)αδ′
ρ P
(2)
γδτδ′(K)Vβf
(R)f (V ), (72)
Uµνα8 = ǫ
νλσγpγT˜
(3)µζ
σ ǫ
αβρξKξ t˜
(1)δP
(2)
λζρδ(K)Vβf
(R)f (V ), (73)
Uµνα9 = ǫ
νλσγpγT˜
(3)µδ
σ ǫ
αβρξKξ t˜
(3)λ′δ′
ρ P
(2)
λδλ′δ′(K)Vβf
(R)f (V ). (74)
5 Formalism for ψ(2S) → γχcJ with χcJ → KK¯π
+π− and
2π+2π−
By following Ref.[11] we denote the ψ(2s) polarization four-vector by ψµ(p,mJ) and the photon
polarization vector by eν(q,mγ). Then the general form for the decay amplitude is
A = ψµ(p,mJ)e
∗
ν(q,mγ)A
µν = ψµ(p,mJ)e
∗
ν(q,mγ)
∑
i
ΛiU
µν
i . (75)
The radiative decay cross section is given in :
dσ
dΦn
=
1
2
2∑
mJ=1
2∑
mγ=1
ψµ(p,mJ)e
∗
ν(q,mγ)A
µνψ∗µ′(p,mJ)eν′(q,mγ)A
∗µ′ν′
= −
1
2
2∑
mJ=1
ψµ(p,mJ)ψ
∗
µ′(p,mJ)g
(⊥⊥)
νν′ A
µνA∗µ
′ν′
= −
1
2
2∑
µ=1
Aµνg
(⊥⊥)
νν′ A
∗µν′
= −
1
2
∑
i,j
ΛiΛ
∗
j
2∑
µ=1
Uµνi g
(⊥⊥)
νν′ U
∗µν′
j ≡
∑
i,j
Pij · Fij (76)
where g
(⊥⊥)
νν′ is given in (17) and
Pij = P
∗
ji = ΛiΛ
∗
j , (77)
Fij = F
∗
ji = −
1
2
2∑
µ=1
Uµνi g
(⊥⊥)
νν′ U
∗µν′
j . (78)
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Note that due to the special properties (massless and gauge invariance) of the photon, the
number of independent partial wave amplitudes for a ψ(2s) radiative decay is smaller than for
the corresponding decay to a massive vector meson [11]. We come now to specific examples of
reactions.
5.1 ψ → γχc0 → γK
+K−π+π−
We construct the covariant amplitudes U iµν for this channel. Here we number K
+, K−, π+, π−
as 1, 2, 3, 4.
< K∗0K¯
∗
0 |1 > = gµνf
(K∗0 )
(14) f
(K¯∗0 )
(23) , (79)
< K∗0K¯
∗
2 |1 > = gµν T˜
(2)αβ
[K0K¯2]
t˜
(2)
(23)αβf
(K∗0 )
(14) f
(K¯∗2 )
(23) + {1↔ 2, 3↔ 4}, (80)
< K∗2K¯
∗
2 |1 > = gµν t˜
(2)αβ
(14) t˜
(2)
(23)αβf
(K∗2 )
(14) f
(K¯∗2 )
(23) , (81)
< K∗2K¯
∗
2 |2 > = gµν T˜
(2)αβ
[K2K¯2]
t˜
(2)γ
(14)α t˜
(2)
(23)βγf
(K∗2 )
(14) f
(K¯∗2 )
(23) , (82)
< K∗K¯∗|1 > = gµν t˜
(1)α
(14) t˜
(1)
(23)αf
(K∗)
(14) f
(K¯∗)
(23) , (83)
< K∗K¯∗|2 > = gµν T˜
(2)αβ
[K∗K¯∗]
t˜
(1)
(14)α t˜
(1)
(23)βf
(K∗)
(14) f
(K¯∗)
(23) , (84)
< K ′K|Kρ > = gµν T˜
(1)α
[Kρ] t˜
(1)
(34)αf
(K ′)
(134)f
(ρ)
(34) + {1↔ 2, 3↔ 4}, (85)
< K ′K|K∗π > = gµν T˜
(1)α
[K∗3]t˜
(1)
(14)αf
(K ′)
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}, (86)
< K ′K|K∗0π > = gµνf
(K ′)
(134)f
(K∗0 )
(14) + {1↔ 2, 3↔ 4}, (87)
< K∗1K|Kρ > = gµν g˜αβ(pK∗1 )T˜
(1)α
[K∗1 K¯]
t˜
(1)β
(34)f
(K∗1 )
(134)f
(ρ)
(34) + {1↔ 2, 3↔ 4}, (88)
< K∗1K|K
∗π >1 = gµν g˜αβ(pK∗1 )T˜
(1)α
[K∗1 K¯]
t˜
(1)β
(14)f
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}, (89)
< K∗1K|K
∗π >2 = gµν g˜αβ(pK∗1 )T˜
(1)α
[K∗1 K¯]
t˜
(2)βσ
(K∗pi)t˜
(1)
(14)σf
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}, (90)
< K∗1K|K
∗
0π > = gµν g˜αβ(pK∗1 )T˜
(1)α
[K∗1 K¯]
t˜
(1)β
(K∗0pi)
f
(K∗1 )
(134)f
(K∗0 )
(14) + {1↔ 2, 3↔ 4}, (91)
< K2K|K
∗π > = gµνP
(2)
αβλσ(pK2)T˜
(2)αβ
[K2K¯]
t˜
(1)σ
(K∗pi)t˜
(1)λ
(14)f
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}, (92)
< f0f
′
0|1 > = gµνf
(f0)
(34)f
(f ′0)
(12) , (93)
< f0f2|1 > = gµν T˜
(2)αβ
[f0f2]
t˜
(2)
(34)αβf
(f0)
(34) f
(f2)
(12) , (94)
< f2f
′
2|1 > = gµν t˜
(2)αβ
(12) t˜
(2)
(34)αβf
(f2)
(12)f
(f ′2)
(34) , (95)
< f2f
′
2|2 > = gµν T˜
(2)αβ
[f2f ′2]
t˜
(2)γ
(12)α t˜
(2)
(34)βγf
(f2)
(12) f
(f ′2)
(34) . (96)
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5.2 ψ → γχc1 → γK
+K−π+π−
In this subsection we construct the amplitudes U iµν for the process ψ → γχc1 → γK
+K−π+π−.
The most likely intermediate states are: K∗0K¯
∗, K∗0K¯
∗
2 , K
∗
2K¯
∗, K∗2K¯
∗
2 , K
∗K¯∗, K∗1K, K
∗
2K with
K∗0 , K
∗
2 , K
∗ → Kπ, K∗1 → ρK, K
∗π, K∗0π, and f0f2, f2f
′
2 with f0 → π
+π−, f ′0 → K
+K−,
f2 → K
+K− and f ′2 → π
+π−.
< K∗0K¯
∗|1 > = εµναβp
β
ψελγδξp
ξ
χc1
gαδ[t˜
(1)γ
[K∗0 K¯
∗]
t˜
(1)λ
(23)f
(K∗0 )
(14) f
(K¯∗)
(23)
+{1↔ 2, 3↔ 4}], (97)
< K∗0K¯
∗|2 > = ερναβp
β
ψελγδξp
ξ
χc1
qρqµg
αδ[t˜
(1)γ
[K∗0 K¯
∗]
t˜
(1)λ
(23)f
(K∗0 )
(14) f
(K¯∗)
(23)
+{1↔ 2, 3↔ 4}], (98)
< K∗0K¯
∗
2 |1 > = εµναβp
β
ψελγδξp
ξ
χc1
gαδ[T˜
(2)γ
[K∗0 K¯
∗
2 ]σ
t˜
(2)λσ
(23) f
(K∗0 )
(14) f
(K¯∗2 )
(23)
+{1↔ 2, 3↔ 4}], (99)
< K∗0K¯
∗
2 |2 > = ερναβp
β
ψq
ρqµελγδξp
ξ
χc1
gαδ[T˜
(2)γ
[K∗0 K¯
∗
2 ]σ
t˜
(2)λσ
(23) f
(K∗0 )
(14) f
(K¯∗2 )
(23)
+{1↔ 2, 3↔ 4}], (100)
< K∗2K¯
∗|1 > = εµναβp
β
ψελγδξp
ξ
χc1
gαδ[t˜
(1)γ
[K∗2 K¯
∗]
t˜
(2)λσ
(14) t˜
(1)
(23)σf
(K∗2 )
(14) f
(K¯∗)
(23)
+{1↔ 2, 3↔ 4}], (101)
< K∗2K¯
∗|2 > = εµναβp
β
ψελγδξp
ξ
χc1
gαδ[t˜
(1)
[K∗2 K¯
∗]σ
t˜
(2)λσ
(14) t˜
(1)γ
(23)f
(K∗2 )
(14) f
(K¯∗)
(23)
+{1↔ 2, 3↔ 4}], (102)
< K∗2K¯
∗|3 > = ερναβp
β
ψq
ρqµελγδξp
ξ
χc1
gαδ[t˜
(1)γ
[K∗2 K¯
∗]
t˜
(2)λσ
(14) t˜
(1)
(23)σf
(K∗2 )
(14) f
(K¯∗)
(23)
+{1↔ 2, 3↔ 4}], (103)
< K∗2K¯
∗|4 > = ερναβp
β
ψq
ρqµελγδξp
ξ
χc1
gαδ[t˜
(1)
[K∗2 K¯
∗]σ
t˜
(2)λσ
(14) t˜
(1)γ
(23)f
(K∗2 )
(14) f
(K¯∗)
(23)
+{1↔ 2, 3↔ 4}], (104)
< K∗2K¯
∗
2 |1 > = εµναβp
β
ψελγδξp
ξ
χc1
gαδ t˜
(2)λσ
(14) t˜
(2)γ
(23)σf
(K∗2 )
(14) f
(K¯∗2 )
(23) , (105)
< K∗2K¯
∗
2 |2 > = ερναβp
β
ψq
ρqµελγδξp
ξ
χc1
gαδ t˜
(2)λσ
(14) t˜
(2)γ
(23)σf
(K∗2 )
(14) f
(K¯∗2 )
(23) , (106)
< K∗K¯∗|1 > = εµναβp
β
ψελσγδp
δ
χc1
gαγ t˜
(1)λ
(14) t˜
(1)σ
(23)f
(K∗)
(14) f
(K¯∗)
(23) , (107)
< K∗K¯∗|2 > = ερναβp
β
ψq
ρqµελσγδp
δ
χc1
gαγ t˜
(1)λ
(14) t˜
(1)σ
(23)f
(K∗)
(14) f
(K¯∗)
(23) , (108)
< K∗1K|Kρ >1 = εµναβp
β
ψελσγδp
δ
χc1
gαγT˜
(1)σ
[K∗1K]
g˜λξ(pK∗1 )
[t˜
(1)
(34)ξf
(K∗1 )
(134)f
(ρ)
(34) + {1↔ 2, 3↔ 4}], (109)
< K∗1K|Kρ >2 = εηναβp
β
ψq
ηqµελσγδp
δ
χc1
gαγT˜
(1)σ
[K∗1K]
g˜λξ(pK∗1 )
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[t˜
(1)
(34)ξf
(K∗1 )
(134)f
(ρ)
(34) + {1↔ 2, 3↔ 4}], (110)
< K∗1K|K
∗π >1 = εµναβp
β
ψελσγδp
δ
χc1
gαγT˜
(1)σ
[K∗1K]
g˜λξ(pK∗1 )
[t˜
(1)
(14)ξf
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}], (111)
< K∗1K|K
∗π >2 = ερναβp
β
ψq
ρqµελσγδp
δ
χc1
gαγT˜
(1)σ
[K∗1K]
g˜λξ(pK∗1 )
[t˜
(1)
(14)ξf
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}], (112)
< K∗1K|K
∗
0π >1 = εµναβp
β
ψελσγδp
δ
χc1
gαγT˜
(1)σ
[K∗1K]
g˜λξ(pK∗1 )
t˜
(1)
[K∗0pi]ξ
[f
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}], (113)
< K∗1K|K
∗
0π >2 = ερναβp
β
ψq
ρqµελσγδp
δ
χc1
gαγT˜
(1)σ
[K∗1K]
g˜λξ(pK∗1 )
t˜
(1)
[K∗0pi]ξ
[f
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}], (114)
< K∗2K|K
∗π >1 = εµναβp
β
ψε
γξδτpχc1τ g˜
αλ(pχc1)P
(2)
λσγξ(pK∗2 )
T˜
(1)σ
[K∗2K]
T˜
(2)
[K∗pi]δη[t˜
(1)η
(14)f
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}], (115)
< K∗2K|K
∗π >2 = ερναβp
β
ψq
ρqµε
γξδτpχc1τ g˜
αλ(pχc1)P
(2)
λσγξ(pK∗2 )
T˜
(1)σ
[K∗2K]
T˜
(2)
[K∗pi]δη[t˜
(1)η
(14)f
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}], (116)
< f0f2|1 > = εµναβp
β
ψελγδξp
ξ
χc1
gαδT˜
(2)γ
[f0f2]σ
t˜
(2)λσ
(12) f
(f0)
(34)f
(f2)
(12) , (117)
< f0f2|2 > = ερναβp
β
ψq
ρqµελγδξp
ξ
χc1
gαδT˜
(2)γ
[f0f2]σ
t˜
(2)λσ
(12) f
(f0)
(34)f
(f2)
(12) , (118)
< f2f¯
′
2|1 > = εµναβp
β
ψελγδξp
ξ
χc1
gαδ t˜
(2)λσ
(12) t˜
(2)γ
(34)σf
(f2)
(12) f
(f ′2)
(34) , (119)
< f2f¯
′
2|2 > = ερναβp
β
ψq
ρqµελγδξp
ξ
χc1
gαδ t˜
(2)λσ
(12) t˜
(2)γ
(34)σf
(f2)
(12)f
(f ′2)
(34) . (120)
5.3 ψ → γχc2 → γK
+K−π+π−
We construct the amplitudes U iµν for the channel ψ → γχc2 → γK
+K−π+π−. The most
possible intermediate states are the same as for ψ → γχc1 → γK
+K−π+π−.
< K∗0K¯
∗
0 |1 > = gµν T˜
(2)αβ
[γχc2]
T˜
(2)
[K∗0 K¯
∗
0 ]αβ
f
(K∗0 )
(14) f
(K¯∗0 )
(23) , (121)
< K∗0K¯
∗
0 |2 > = T˜
(2)
[K∗0 K¯
∗
0 ]µν
f
(K∗0 )
(14) f
(K¯∗0 )
(23) , (122)
< K∗0K¯
∗
0 |3 > = T˜
(2)α
[γχc2]µ
T˜
(2)
[K∗0 K¯
∗
0 ]να
f
(K∗0 )
(14) f
(K¯∗0 )
(23) , (123)
< K∗0K¯
∗|1 > = P
(2)
µνλσ(pχc2)[t˜
(1)σ
[K∗0 K¯
∗]
t˜
(1)λ
(23)f
(K∗0 )
(14) f
(K¯∗)
(23) + {1↔ 2, 3↔ 4}], (124)
< K∗0K¯
∗|2 > = P
(2)
βνλσ(pχc2)T˜
(2)β
[γχc2]µ
[t˜
(1)σ
[K∗0 K¯
∗]t˜
(1)λ
(23)f
(K∗0 )
(14) f
(K¯∗)
(23) + {1↔ 2, 3↔ 4}], (125)
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< K∗0K¯
∗|3 > = gµνP
(2)
αβλσ(pχc2)T˜
(2)αβ
[γχc2]
[t˜
(1)σ
[K∗0 K¯
∗]
t˜
(1)λ
(23)f
(K∗0 )
(14) f
(K¯∗)
(23) + {1↔ 2, 3↔ 4}], (126)
< K∗0K¯
∗
2 |1 > = gµν T˜
(2)αβ
[γχc2]
P
(2)
αβλσ(pχc2)t˜
(2)λσ
(23) f
(K∗0 )
(14) f
(K¯∗2 )
(23) + {1↔ 2, 3↔ 4}], (127)
< K∗0K¯
∗
2 |2 > = P
(2)
µνλσ(pχc2)t˜
(2)λσ
(23) f
(K∗0 )
(14) f
(K¯∗2 )
(23) + {1↔ 2, 3↔ 4}], (128)
< K∗0K¯
∗
2 |3 > = T˜
(2)α
[γχc2]µ
P
(2)
ναλσ(pχc2)t˜
(2)λσ
(23) f
(K∗0 )
(14) f
(K¯∗2 )
(23) + {1↔ 2, 3↔ 4}], (129)
< K∗2K¯
∗
2 |1 > = gµν T˜
(2)αβ
[γχc2]
P
(2)
αβλσ(pχc2)t˜
(2)σρ
(14) t˜
(2)λ
(23)ρf
(K∗2 )
(14) f
(K¯∗2 )
(23) , (130)
< K∗2K¯
∗
2 |2 > = P
(2)
µνλσ(pχc2)t˜
(2)σρ
(14) t˜
(2)λ
(23)ρf
(K∗2 )
(14) f
(K¯∗2 )
(23) , (131)
< K∗2K¯
∗
2 |3 > = T˜
(2)α
[γχc2]µ
P
(2)
ναλσ(pχc2)t˜
(2)σρ
(14) t˜
(2)λ
(23)ρf
(K∗2 )
(14) f
(K¯∗2 )
(23) , (132)
< K∗K¯∗|1 > = gµν T˜
(2)αβ
[γχc2]
P
(2)
αβλσ(pχc2)t˜
(1)λ
(14) t˜
(1)σ
(23)f
(K∗)
(14) f
(K¯∗)
(23) , (133)
< K∗K¯∗|2 > = P
(2)
µνλσ(pχc2)t˜
(1)λ
(14) t˜
(1)σ
(23)f
(K∗)
(14) f
(K¯∗)
(23) , (134)
< K∗K¯∗|3 > = T˜
(2)α
[γχc2]µ
P
(2)
ναλσ(pχc2)t˜
(1)λ
(14) t˜
(1)σ
(23)f
(K∗)
(14) f
(K¯∗)
(23) , (135)
< K∗1K|Kρ >1 = gµν T˜
(2)αβ
[γχc2]
P
(2)
αβλσ(pχc2)T˜
(1)σ
[K∗1K¯]
g˜λδ(pK∗1 )
[t˜
(1)
(34)δf
(K∗1 )
(134)f
(ρ)
(34) + {1↔ 2, 3↔ 4}], (136)
< K∗1K|Kρ >2 = P
(2)
µνλσ(pχc2)T˜
(1)σ
[K∗1 K¯]
g˜λδ(pK∗1 )[t˜
(1)
(34)δf
(K∗1 )
(134)f
(ρ)
(34) + {1↔ 2, 3↔ 4}], (137)
< K∗1K|Kρ >3 = T˜
(2)α
[γχc2]µ
P
(2)
ναλσ(pχc2)T˜
(1)σ
[K∗1 K¯]
g˜λδ(pK∗1 )[t˜
(1)
(34)δf
(K∗1 )
(134)f
(ρ)
(34) + {1↔ 2, 3↔ 4}],(138)
< K∗1K|K
∗π >1 = gµν T˜
(2)αβ
[γχc2]
P
(2)
αβλσ(pχc2)T˜
(1)σ
[K∗1K¯]
g˜λδ(pK∗1 )
[t˜
(1)
(14)δf
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}], (139)
< K∗1K|K
∗π >2 = P
(2)
µνλσ(pχc2)T˜
(1)σ
[K∗1 K¯]
g˜λδ(pK∗1 )[t˜
(1)
(14)δf
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}], (140)
< K∗1K|K
∗π >3 = T˜
(2)α
[γχc2]µ
P
(2)
ναλσ(pχc2)T˜
(1)σ
[K∗1 K¯]
g˜λδ(pK∗1 )
[t˜
(1)
(14)δf
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}], (141)
< K∗1K|K
∗
0π >1 = gµν T˜
(2)αβ
[γχc2]
P
(2)
αβλσ(pχc2)T˜
(1)σ
[K∗1K¯]
g˜λδ(pK∗1 )t˜
(1)
(K∗0pi)δ
[f
(K∗1 )
(134)f
(K∗0 )
(14) + {1↔ 2, 3↔ 4}], (142)
< K∗1K|K
∗
0π >2 = P
(2)
µνλσ(pχc2)T˜
(1)σ
[K∗1 K¯]
g˜λδ(pK∗1 )t˜
(1)
(K∗0pi)δ
[f
(K∗1 )
(134)f
(K∗0 )
(14) + {1↔ 2, 3↔ 4}], (143)
< K∗1K|K
∗
0π >3 = T˜
(2)α
[γχc2]µ
P
(2)
ναλσ(pχc2)T˜
(1)σ
[K∗1 K¯]
g˜λδ(pK∗1 )t˜
(1)
(K∗0pi)δ
[f
(K∗1 )
(134)f
(K∗0 )
(14) + {1↔ 2, 3↔ 4}], (144)
< K∗2K|K
∗π >1 = gµν T˜
(2)αβ
[γχc2]
P
(2)
αβλξ(pχc2)P
(2)ξσξ′σ′(pK∗2 )ε
λγδ
σ pχc2δε
γ′η′δ′
σ′ pK∗2 δ′
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T˜
(1)
[K∗2 K¯]γ
t˜
(2)
(K∗pi)γ′ξ′[t˜
(1)
(14)η′f
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}], (145)
< K∗2K|K
∗π >2 = P
(2)
µνλξ(pχc2)P
(2)ξσξ′σ′(pK∗2 )ε
λγδ
σ pχc2δε
γ′η′δ′
σ′ pK∗2 δ′
T˜
(1)
[K∗2 K¯]γ
t˜
(2)
(K∗pi)γ′ξ′[t˜
(1)
(14)η′f
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}], (146)
< K∗2K|K
∗π >3 = T˜
(2)α
[γχc2]µ
P
(2)
ναλξ(pχc2)P
(2)ξσξ′σ′(pK∗2 )ε
λγδ
σ pχc2δε
γ′η′δ′
σ′ pK∗2 δ′
T˜
(1)
[K∗2 K¯]γ
t˜
(2)
(K∗pi)γ′ξ′[t˜
(1)
(14)η′f
(K∗1 )
(134)f
(K∗)
(14) + {1↔ 2, 3↔ 4}], (147)
< f0f
′
0|1 > = gµν T˜
(2)αβ
[γχc2]
T˜
(2)
[f0f ′0]αβ
f
(f ′0)
(12)f
(f0)
(34) , (148)
< f0f
′
0|2 > = T˜
(2)
[f0f ′0]µν
f
(f ′0)
(12) f
(f0)
(34) , (149)
< f0f
′
0|3 > = T˜
(2)α
[γχc2]µ
T˜
(2)
[f0f ′0]να
f
(f ′0)
(12)f
(f0)
(34) , (150)
< f0f2|1 > = gµν T˜
(2)αβ
[γχc2]
P
(2)
αβλσ(pχc2)t˜
(2)λσ
(12) f
(f2)
(12)f
(f0)
(34) , (151)
< f0f2|2 > = P
(2)
µνλσ(pχc2)t˜
(2)λσ
(12) f
(f2)
(12) f
(f0)
(34) , (152)
< f0f2|3 > = T˜
(2)α
[γχc2]µ
P
(2)
ναλσ(pχc2)t˜
(2)λσ
(12) f
(f2)
(12)f
(f0)
(34) , (153)
< f2f
′
2|1 > = gµν T˜
(2)αβ
[γχc2]
P
(2)
αβλσ(pχc2)t˜
(2)σρ
(12) t˜
(2)λ
(34)ρf
(f2)
(12)f
(f ′2)
(34) , (154)
< f2f
′
2|2 > = P
(2)
µνλσ(pχc2)t˜
(2)σρ
(12) t˜
(2)λ
(34)ρf
(f2)
(12) f
(f ′2)
(34) , (155)
< f2f
′
2|3 > = T˜
(2)α
[γχc2]µ
P
(2)
ναλσ(pχc2)t˜
(2)σρ
(12) t˜
(2)λ
(34)ρ t˜
(2)
(34)ητf
(f2)
(12) f
(f ′2)
(34) . (156)
5.4 ψ → γχc0 → γπ
+π−π+π−
We construct the amplitudes U iµν with a notation similar to the ψ → γχc0 → γK
+K−π+π−
channel. Here we denote π+, π−, π+, π− as 1, 2, 3, 4.
< f0f0|1 > = gµν [f
(f0)
(12)f
(f0)
(34) + {2↔ 4}], (157)
< f0f2|1 > = gµν [T˜
(2)αβ
[f
(12)
0 f
(34)
2 ]
t˜
(2)
(34)αβf
(f0)
(12)f
(f2)
(34)
+{1↔ 3}+ {2↔ 4}+ {1↔ 3 & 2↔ 4}], (158)
< f2f2|1 > = gµν [f
(f2)
(12)f
(f2)
(34) t˜
(2)αβ
(12) t˜
(2)
(34)αβ + {2↔ 4}], (159)
< f2f2|2 > = gµν [f
(f2)
(12)f
(f2)
(34) T˜
(2)αβ
[f
(12)
2 f
(34)
2 ]
t˜
(2)γ
(12)α t˜
(2)
(34)βγ + {2↔ 4}], (160)
< ρρ|1 > = gµν [f
(ρ)
(12)f
(ρ)
(34)t˜
(1)α
(12) t˜
(1)
(34)α + {2↔ 4}], (161)
< ρρ|2 > = gµν [f
(ρ)
(12)f
(ρ)
(34)T˜
(2)αβ
[ρ(12)ρ(34)] t˜
(1)
(12)α t˜
(1)
(34)β + {2↔ 4}], (162)
< ππ′|πσ > = gµν [f
(pi′)
(123)(f
(σ)
(12) + f
(σ)
(32)) + f
(pi′)
(234)(f
(σ)
(23) + f
(σ)
(34)) +
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f
(pi′)
(143)(f
(σ)
(14) + f
(σ)
(34)) + f
(pi′)
(214)(f
(σ)
(21) + f
(σ)
(14))], (163)
< ππ′|πρ > = gµν [f
(pi′)
(123)f
(ρ)
(12) t˜
(1)α
(ρ3) t˜
(1)
(12)α + f
(pi′)
(234)f
(ρ)
(23) t˜
(1)α
(ρ4) t˜
(1)
(23)α +
+{1↔ 3}+ {2↔ 4}+ {1↔ 3 & 2↔ 4}], (164)
< πa1|πσ > = gµν [f
(a1)
(123)f
(σ)
(12)T˜
(1)α
(a14)
t˜
(1)
(σ3)α + f
(a1)
(234)f
(σ)
(23)T˜
(1)α
(a11)
t˜
(1)
(σ4)α +
+{1↔ 3}+ {2↔ 4}+ {1↔ 3 & 2↔ 4}], (165)
< πa1|πρ > = gµν [P
(1)
αβ (p(123))T˜
(1)α
(a14)
t˜
(1)β
(12)f
(a1)
(123)f
(ρ)
(12)
+P
(1)
αβ (p(234))T˜
(1)α
(a11)
t˜
(1)β
(23)f
(a1)
(234)f
(ρ)
(23)
+{1↔ 3}+ {2↔ 4}+ {1↔ 3 & 2↔ 4}]. (166)
5.5 ψ → γχc1 → γπ
+π−π+π−
In this subsection we construct the amplitudes U iµν for the process ψ → γχc1 → γπ
+π−π+π−.
The most possible intermediate states are: f0f2, f2f2, and ρρ with f0, f2, and ρ→ π
+π−.
< f0f2|1 > = εµναβp
β
ψελγδξp
ξ
χc1
gαδ[T˜
(2)γ
[f0f¯2]σ
t˜
(2)λσ
(12) f
(f0)
(34) f
(f2)
(12)
+{1↔ 3}+ {2↔ 4}+ {1↔ 3 & 2↔ 4}], (167)
< f0f2|2 > = ερναβp
β
ψq
ρqµελγδξp
ξ
χc1
gαδ[T˜
(2)γ
[f0f¯2]σ
t˜
(2)λσ
(12)
f
(f0)
(34)f
(f2)
(12) + {1↔ 3}+ {2↔ 4}+ {1↔ 3 & 2↔ 4}], (168)
< f2f2|1 > = εµναβp
β
ψελγδξp
ξ
χc1
gαδ[t˜
(2)λσ
(12) t˜
(2)γ
(34)σf
(f2)
(12)f
(f2)
(34) + {2↔ 4}], (169)
< f2f2|2 > = ερναβp
β
ψq
ρqµελγδξp
ξ
χc1
gαδ[t˜
(2)λσ
(12) t˜
(2)γ
(34)σf
(K∗2 )
(12) f
(f2)
(34) + {2↔ 4}], (170)
< ρρ|1 > = εµναβp
β
ψελσγδp
δ
χc1
gαγ[t˜
(1)λ
(12) t˜
(1)σ
(34)f
(ρ)
(12)f
(ρ)
(34) + {2↔ 4}], (171)
< ρρ|2 > = εξναβp
β
ψq
ξqµελσγδp
δ
χc1
gαγ[t˜
(1)λ
(12) t˜
(1)σ
(34)f
(ρ)
(12)f
(ρ)
(34) + {2↔ 4}]. (172)
5.6 ψ → γχc2 → γπ
+π−π+π−
The most possible intermediate states are f0f0, f0f2, f2f2, and ρρ with f0, f2, ρ→ π
+π−. Then
we have the following convariant tensor amplitudes :
< f0f0|1 > = gµν T˜
(2)αβ
[γχc2]
T˜
(2)
[f0f0]αβ
[f
(f0)
(12)f
(f0)
(34) + {2↔ 4}], (173)
< f0f0|2 > = T˜
(2)
[f0f0]µν
[f
(f0)
(12) f
(f0)
(34) + {2↔ 4}], (174)
< f0f0|3 > = T˜
(2)α
[γχc2]µ
T˜
(2)
[f0f0]να
[f
(f0)
(12)f
(f0)
(34) + {2↔ 4}], (175)
< f0f2|1 > = gµν T˜
(2)αβ
[γχc2]
P
(2)
αβλσ(pχc2)[t˜
(2)λσ
(12) f
(f2)
(12)f
(f0)
(34)
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+{1↔ 3}+ {2↔ 4}+ {1↔ 3 & 2↔ 4}], (176)
< f0f2|2 > = P
(2)
µνλσ(pχc2)[t˜
(2)λσ
(12) f
(f2)
(12) f
(f0)
(34)
+{1↔ 3}+ {2↔ 4}+ {1↔ 3 & 2↔ 4}], (177)
< f0f2|3 > = T˜
(2)α
[γχc2]µ
P
(2)
ναλσ(pχc2)[t˜
(2)λσ
(12) f
(f2)
(12)f
(f0)
(34)
+{1↔ 3}+ {2↔ 4}+ {1↔ 3 & 2↔ 4}], (178)
< f2f2|1 > = gµν T˜
(2)αβ
[γχc2]
P
(2)
αβλσ(pχc2)[t˜
(2)σρ
(12) t˜
(2)λ
(34)ρf
(f2)
(12)f
(f2)
(34) + {2↔ 4}], (179)
< f2f2|2 > = P
(2)
µνλσ(pχc2)[t˜
(2)σρ
(12) t˜
(2)λ
(34)ρf
(f2)
(12) f
(f2)
(34) + {2↔ 4}], (180)
< f2f2|3 > = T˜
(2)α
[γχc2]µ
P
(2)
ναλσ(pχc2)[t˜
(2)σρ
(12) t˜
(2)λ
(34)ρf
(f2)
(12)f
(f2)
(34) + {2↔ 4}], (181)
< ρρ|1 > = gµν T˜
(2)αβ
[γχc2]
P
(2)
αβλσ(pχc2)[t˜
(1)λ
(12) t˜
(1)σ
(34)f
(ρ)
(12)f
(ρ)
(34) + {2↔ 4}], (182)
< ρρ|2 > = P
(2)
µνλσ(pχc2)[t˜
(1)λ
(12) t˜
(1)σ
(34)f
(ρ)
(12)f
(ρ)
(34) + {2↔ 4}], (183)
< ρρ|3 > = T˜
(2)α
[γχc2]µ
P
(2)
ναλσ(pχc2)[t˜
(1)λ
(12) t˜
(1)σ
(34)f
(ρ)
(12)f
(ρ)
(34) + {2↔ 4}]. (184)
Here f0, f2 and ρ can be replaced by any f
′
0, f
′
2 and ρ
′, respectively.
6 Conclusion
First of all, we provide a theoretical PWA formalism for the radiative decay J/ψ → γpp¯,
which is also applicable to the processes J/ψ → γΛΛ¯, γΣΣ¯ and γΞΞ¯. Then we present a
general covariant formalism for the PWA of the double radiative decay ψ → γγV (ρ, ω, φ)
processes. Finally, we give the PWA formulae for ψ(2s) radiative decays into K+K−π+π− and
π+π−π+π− that are very useful to study χcJ charmonium states. We have constructed most
possible covariant tensor amplitudes for intermediate resonant states of J ≤ 2. For intermediate
resonant states of J ≥ 3, the production vertices need L ≥ 2 and are expected to be suppressed
[11]. The formulae here can be directly used to perform partial wave analysis of forthcoming
high statistics data from CLEO-c and BES-III on these channels to extract useful information
on the baryon-antibaryon interactions, and ψ → γγV (ρ, ω, φ) processes to extract information
on the flavor content of any meson resonances (R) with positive charge parity (C = +) and
mass above 1 GeV, as well as ψ(2s)→ γχcJ with χcJ decays into K
+K−π+π− and π+π−π+π−
to study gluon hadronization dynamics.
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